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7]Katsurada and Okamoto, A mathematical study of charge simulation

- method I, J. Fac. Sci. u-tokyo, SectIA, Math. 35, 507-518 (1988)
8|Katsurada, M., A mathematical study of charge simulation method II,

J. Fac. Sci. u-tokyo, SectIA, Math. 36, 135-162 (1988)
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[9]Katsurada and Okamoto, The collocation points of the fundamental

solution method for the potential problem,
Comp. Math. Applic. 31, 1, 123-137 (1996).
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Error Estimation in the CSM for 2D, 3D EHIME University, Japan
Potential Problems okano@cs.ehime-u.ac.jp

Charge and Collocation Points for
Multiply—Connected Domain

Au = 0inD
uw=>bon 0D



Error Estimation in the CSM for 2D, 3D EHIME University, Japan
Potential Problems okano@cs.ehime-u.ac.jp

Exponential Error Decay

charge/coll. pts. are
equally placed on the
concentric circles

A =0inD AuY =0in DY
w=bondD u? =b" on CV

u(z) ~Un(z) =Y Y Qlog|fi(2) — 2|
[

[=1,...,n

if harmonic func. v is extensible beyond C ()

= 3AU > 0,70 > 1, max u— Uy| < AW,
l
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Numerical Example

Conformal maps from problem domain with two slits onto
Nehari’'s btypes of canonical slit domains
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Error Estimation in the CSM for 2D, 3D EHIME University, Japan
Potential Problems okano@cs.ehime-u.ac.jp

Numerical Example

1 I | T T T | |

Ll ——

. Ce ——

C3 —

G4 —
. 001 F .
0.0001 -
1e06 .
1e08 F -
1e-10 - W ilaf 1

ey
1e-12 -
fe-14 L L 1
0 20 40 60 80 100 120 140 160 180 200

errors estimated by deviation from slits
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Applying to the 3D potential problems (sphere)
Ogata, Okano, Sugihara, and Amano (2003)

Au=0 imDCR’ wu=b ondD, D= {z|\z\<’r}

ZQJ/\Z — zj|, Un(yx) = b(yk),

= coeff. matrix is non-singular,
approximation is available.
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Uniform Points Arrangement and

Exponential Error Decay

We examine the efficiency of “equally” placed
charge and collocation points via some numerical
experiments.

Candidates:

1. Generalized spiral points ( C' = 3.6 )

2. Minimal energy points of Sloan and Womersley

3. Vertices of regular polyhedra

4. Points lifted onto sphere from the surface
lattice points of cube
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Generalized spiral points

“generalized spiral points”

y1 = (01,01)
(617¢1)7°"7(0N7¢N)
k—1 _
1 _ Yk = (O, Or)
hp=1-2——= k=1,...,N \/
6, = arccos(hy) \\
C 1
Ok = Pr—1 + 1
v No \/1— K2
k=2 ... N—1. i
y1 = (0N, oN)

E. A. Rakhmanov, E. B. Saff and Y. M. Zhou: “Minimal discrete energy on the sphere,”
Mathematical Research Letters 1 (1994), 647——662



Error Estimation in the CSM for 2D, 3D EHIME University, Japan
Potential Problems okano@cs.ehime-u.ac.jp

Generalized spiral points

“generalized spiral points”

le — (017¢1)
(91,¢1),---;£(9N7¢N) Yk—1 = (Qk—1>¢]€—1)
1 =

L _ Y = (O, o1)
hp =1 Q—N—l k=1,...,N
0, = arccos(hg) d=C/VN
»1=¢n =0 -

C 1

— Pp_1 L 1
Pk = k-1 Vo V172
k=2,....,N—1.

y1 = (On, oN)

E. A. Rakhmanov, E. B. Saff and Y. M. Zhou: “Minimal discrete energy on the sphere,”
Mathematical Research Letters 1 (1994), 647——662
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Potential Problems

Generalized spiral points

“generalized spiral points” y1 = (61, ¢1)
(917 ¢1)7 S (HNa QSN) P . Yk—1 — (gk—l, ¢k—1)
1 (=5 ) i = (Ok, Pk
h,{:1—2% k=1,...,N )f ¢ ,L‘;?ﬁ (a8
R “
0 = arccos(hg) ,’b"» 4% d=C/VN
gbl — ¢N =0 (
C 1 (0
— . —I— (i
k=2, . N—1.
y1 = (On, dN)
d:i < i g.s.pts.:  y1,...,ywith = 3.6 €(Y1,-..,yn) ~ E(N)
VN SN
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Generalized spiral points

“generalized spiral points”

(01, 01), ..., (0N, éN)

S&3

R

k—1 3
hy=1—-2—— k=1,...,N AR
k N—]_ 9 9
0. = arccos(hg)
o1 =¢n =0 —
C 1 u
k= Qk—1 T
G VNo \/1—h2
Fig.1: Generalized Spiral Poi Sph
= oeesy i =1 O N CBalef, Netooo(righy T
C 4 .
d= — < —— 8.s.pts.: Yyi,...,Yyn  with
VN VN

C'=3.6 G(yl,ij)NE(N)
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Numerical Examples

exponential decay of error

10°F 4 10°F =
102 — g.s.pts. 110°F —  g.s.pts.
. X min. energy .pts. i - X min. energy .pts. ®
. ¢ polyhedra . ¢ polyhedra
- B Jifted cube - B Jifted cube
| R=1.1 | R=1.2 _
100 10 e o 10 N

u(r,0) = rcosf
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Numerical Examples

exponential decay of error

7 10

1107 ¢

10°F
+
102t — g.8.pts. i
- X min. energy .pts.
. ¢ polyhedra
-8 Jifted cube
: b
| R=1.3
0 10 N

u(r,0) = rcosf

- —  g.8.pts.

- X min. energy .pts.
. ¢ polyhedra X
- ® lifted cube

. R=14

.10.
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Numerical Examples

exponential decay of error

g
10°F R=1.1 1 107 %*;i:f., Fox :
I R=1.2 _ f % iﬁ“ﬁ-{ 'x:‘“x.‘x“
| -B=1.3 ] 5&" ﬁgx Ko )
- AT e
L E=14 {1 | (RN XR=11
: 5 9: HORK Koy
u . x“ Y
X 1\}“ ‘N‘ﬂ.._xd_x‘ ‘XLW{ EF=1.7°
.”X-.*J{ %
2| | 2| *x:xR=l.3 |
- Generalized spiral points { | Minimal energy points
'4 L L L " M | " M L L '4 . N L M " 1 " M n L
0 10 N 200 T 10 N 20

uw(z) = |z — 20| 1,20 = (r = 1.5,0 = 0)
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Exponential error decay on sphere

exponential decay of error for potential problems on sphere

sup |u(z) — Un(2)| < er VN 0<el< 1= (R, u,...)
A |z| <1

by equally placed collocation points,
minimal energy points,
generalized spiral points,

and

harge and collocation points of same latitude and
longtitude on concentric spheres

CIZ‘j:R’yj, 7=1,..., NNR>1
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